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Abstract
We discuss a family of restricted m-ary partition functions bm;j(n), which is the number of
m-ary partitions of n with at most i + j copies of the part mi allowed. We then use generating
function dissections to prove the following family of congruences for k>2 and 16t6m−k+1:
bm;m−1(m
k+tn+ mk+t−1 + mk+t−2 +   + mk)  0 (mod 2t−1k):
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1. Introduction
In this note, we dene bm;j(n) to be the number of m-ary partitions of n with
at most i + j copies of the part mi used. (Here m is assumed to be bigger than 1
and bm;j(n) = 0 for all negative integers n.) The function bm;1(n):=bm(n) is then
simply the number of m-ary partitions of n, the number of partitions of the integer n
into powers of m. Various properties of this function bm were extensively studied by
Churchhouse [2], Rodseth [4], Andrews [1], and Gupta [3] in the late 1960s and early
1970s. More recently, this function has been revisited and additional congruences have
been discovered [5]. The goal here is to restrict the function bm in a combinatorially
meaningful way with the hope that the restricted function retains some nice divisibility
properties.
It is clear that the generating function for bm(n) is given by
Bm(q) =
X
n>0
bm(n)qn =
Y
i>0
1
1− qmi :
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We see that the generating function for our restricted partition function bm;j(n) can be
written as
Bm;j(q) =
X
n>0
bm;j(n)qn
= (1 + q+ q2 +   + qj)(1 + qm + q2m +   + qm( j+1))
 (1 + qm2 + q2m2 +   + qm2( j+2))   
=
Y
i>0
 j+iX
k=0
qm
ik
!
= (1 + q+ q2 +   + qj)Bm;j+1(qm): (1)
For the remainder of this paper, we focus our attention on bm;m−1(n). Note that, for
j<m − 1, the function bm;j(n) will equal 0 for certain positive values of n. It must,
as it will only allow for j 1’s to be used as parts. Hence, bm;j(n) = 0 for all values n
between j + 1 and m − 1, as well as many others. In contrast, bm;m−1(n)> 0 for all
n>0. Indeed, m− 1 is the smallest integer j which guarantees that bm;j(n) is positive
for all nonnegative integers n. This makes the study of this specic function especially
attractive.
2. The initial set of congruences
We begin with an intermediate result needed to prove the desired congruences.
Theorem 1. For all n>0; m>2; and k satisfying 16k6m;
bm;m−1(mkn) = bm;m+k−1(n) + (k − 1)bm;m+k−1(n− 1):
Proof. We prove this theorem via induction on k. First, we consider the case k = 1.
Note that
Bm;m−1(q) = (1 + q+ q2 +   + qm−1)Bm;m(qm) (2)
from (1). Then the coecient of qmn on the left-hand side of (2) is simply bm;m−1(mn).
We see that the only term in (1 + q + q2 +    + qm−1) that contributes to a term of
the form qmn on the right-hand side of (2) is 1, because Bm;m(qm) is a power series in
qm. Therefore, the coecient of qmn on the right-hand side of (2) is simply bm;m(n).
Now, we assume the theorem is true for some k satisfying 16k<m: This means
we are assuming thatX
n>0
bm;m−1(mkn)qn = (1 + (k − 1)q)Bm;m+k−1(q) (3)
or that
bm;m−1(mkn) = bm;m+k−1(n) + (k − 1)bm;m+k−1(n− 1):
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We then wish to prove that
bm;m−1(mk+1n) = bm;m+k(n) + kbm;m+k(n− 1):
We have
bm;m−1(mk+1n)
= coe of qmn in (1 + (k − 1)q)Bm;m+k−1(q) using (3)
= coe of qmn in (1 + (k − 1)q)(1 + q+   + qm+k−1)Bm;m+k(qm) using (1)
= coe of qmn in (1 + (k − 1)q  qm−1 + qm)Bm;m+k(qm)
since none of the other powers of q in the product
(1 + (k − 1)q)(1 + q+   + qm+k−1)
have exponents which are multiples of m. But this implies
bm;m−1(mk+1n) = bm;m+k(n) + kbm;m+k(n− 1):
We now prove a family of congruences using similar elementary techniques.
Theorem 2. For all m and k satisfying 26k6m;X
n>0
bm;m−1(mk+1n+ mk)qn = k(1 + q)Bm;m+k(q):
Proof. Using Theorem 1, we have
bm;m−1(mk+1n+ mk)
= coe of qmn+1 in (1 + (k − 1)q)Bm;m+k−1(q)
= coe of qmn+1 in (1 + (k − 1)q)(1 + q+   + qm+k−1)Bm;m+k(qm)
= coe of qmn+1 in (q+ (k − 1)q+ qm+1 + (k − 1)q  qm)Bm;m+k(qm)
= coe of qmn+1 in kq(1 + qm)Bm;m+k(qm):
The result now follows.
We close this section by noting that this result implies
bm;m−1(mk+1n+ mk) = k(bm;m+k(n) + bm;m+k(n− 1));
a very nice recurrence result. Of course, it also implies that, for 26k6m,
bm;m−1(mk+1n+ mk)  0 (mod k):
3. The full family of congruences
Interestingly enough, Theorem 2 is the basis case for a family of partition congruence
results that we now prove.
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Theorem 3. For all m>2; k>2; and all t satisfying 16t6m− k + 1;X
n>0
bm;m−1(mk+tn+ mk+t−1 + mk+t−2 +   + mk)qn = 2t−1k(1 + q)Bm;m+k+t−1(q):
Proof. We prove this result by induction on t. The case when t = 1 is proved in
Theorem 2. We then assumeX
n>0
bm;m−1(mk+t−1n+ mk+t−2 + mk+t−3 +   + mk)qn
=2t−2k(1 + q)Bm;m+k+t−2(q)
for 26t <m− k + 2 or
bm;m−1(mk+t−1n+ mk+t−2 +   + mk)
=2t−2k(bm;m+k+t−2(n) + bm;m+k+t−2(n− 1)):
We wish to prove that
bm;m−1(mk+tn+ mk+t−1 +   + mk)
=2t−1k(bm;m+k+t−1(n) + bm;m+k+t−1(n− 1)):
Then we have
bm;m−1(mk+tn+ mk+t−1 +   + mk)
= coe of qmn+1 in 2t−2k(1 + q)Bm;m+k+t−2(q)
= coe of qmn+1 in 2t−2k(1 + q)(1 + q+   + qm+k+t−2)Bm;m+k+t−1(qm)
= coe of qmn+1 in 2t−2k(q+ q+ qm+1 + q  qm)Bm;m+k+t−1(qm)
= coe of qmn+1 in 2t−1kq(1 + qm)Bm;m+k+t−1(qm):
This implies
bm;m−1(mk+tn+ mk+t−1 +   + mk)
=2t−1k(bm;m+k+t−1(n) + bm;m+k+t−1(n− 1)):
Theorem 3 obviously yields many nice congruence properties. Namely, for all n>0,
m>2, and all t and k satisfying k>2 and 16t6m− k + 1;
bm;m−1(mk+tn+ mk+t−1 + mk+t−2 +   + mk)  0 (mod 2t−1k):
We close with a few remarks. First, the key in these results is the restriction placed
on k so that the generating functions do not become overly complicated. Indeed, by
restricting k in the manner above, the sums involved are quite small and rather clean.
Secondly, we have focused our attention on iteratively applying the transformation
n 7! mn+1 many times. It should be noted that analogous results also hold when one
applies n 7! mn+ 2 in place of the mapping n 7! mn+ 1: The proofs are synonymous
with those above, so we omit them here.
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